Abstract: This paper examines the robustness of efficiency score rankings across four distributional assumptions for trans-log stochastic production-frontier models, using data from 1,221 Japanese water utilities (for 2004 and 2005). One-sided error terms considered include the half-normal, truncated normal, exponential, and gamma distributions. Results are compared for homoscedastic and doubly heteroscedastic models, where we also introduce a doubly heteroscedastic variable mean model, and examine the sensitivity of the nested models to a stronger heteroscedasticity correction for the one-sided error component. The results support three conclusions regarding the sensitivity of efficiency rankings to distributional assumptions. When four standard distributional assumptions are applied to a homoscedastic stochastic frontier model, the efficiency rankings are quite consistent. When those assumptions are applied to a doubly heteroscedastic stochastic frontier model, the efficiency rankings are consistent when proper and sufficient arguments for the variance functions are included in the model. When a more general model, like a variable mean model is estimated, efficiency rankings are quite sensitive to heteroscedasticity correction schemes.
Introduction
Efficient frontier techniques, including both stochastic frontier analysis (SFA) and data environment analysis (DEA), are widely used to identify high and low performing organizations. The application of sophisticated yardstick comparisons and associated benchmarking incentive schemes can improve efficiency.
1 However, as Kumbhakar and Lovell (2000, p.90) conclude that, even within a parametric approach, " . . . it is unclear whether a ranking of producers by their efficiency scores is sensitive to distributional assumptions, although it is clear that sample mean efficiencies are sensitive." Since a distributional assumption is essential for SFA, especially in the context of cross-sectional models, this empirical problem presents issues for the application of efficiency scores in the context of benchmarking. The purpose of this paper is to examine the sensitivity of efficiency rankings to distributional assumptions regarding the one-sided efficiency error term for SFA.
In his analysis of stochastic cost frontiers for 123 U.S. electric utilities, Greene (1990, p.157) used four types of models where one-sided error components are assumed, using half normal, truncated normal, exponential, and gamma distributions. The reported sample mean respectively. Based on these results, Green (pp. 155-8) also concluded that the frontier parameter estimates were roughly similar for the four models; however, the gamma model yielded a different inefficiency distribution. Kumbhakar and Lovell (2000, p.90) used the same data and calculated the correlation coefficients for rankings; the highest was 0.9803, between the half normal and truncated normal models, whereas the lowest was 0.7467 between the exponential and gamma models. These correlations suggest that rankings can be somewhat sensitive to distributional assumptions. Greene (2008, p.182 ) also presents new results based on the same data but on a full translog model; he concludes that mean inefficiency estimates are almost identical, although there are differences in the parameter estimates. The reported sample mean (in)efficiencies are 0.9240 (0.0790), 0.9281 (0.0746), 0.9279 (0.0748) and 0.9368 (0.0653) respectively. Hence, in contrast with the initial conclusion by Kumbhakar and Lovell (2000) , the mean efficiency scores no longer seem to be sensitive to distributional assumptions in the translog case. In fact, the lowest correlation coefficient is 0.9116 between the half normal and gamma models. In the context of ranking correlations, the highest is 0.9999, between the truncated normal and exponential models, and the lowest is 0.9554 between the half normal and gamma models. These new results suggest that not only efficiency rankings but also mean efficiencies are consistent among different assumed distributions. Thus, Greene (2008, p.114) concludes that the overall pictures drawn by SFA and DEA are similar, although the evidence is mixed due to different efficiency evaluations of financial institutions (the industry from which data were obtained). Here, we will focus on consistency within SFA models, where different error distribution assumptions are considered.
As Greene argues (2008, p.180) Greene (2004, and 2005a,b) applies a truncated-normal heterogeneous mean model as well as true fixed or random model; and Wang and Schmidt (2002) and Alvarez et al. (2006) propose scaling-function models. To the extent that correcting for heteroscedasticity affects estimates of frontier parameters and efficiency scores, an appropriate heteroscedasticity correction presents a serious technical issue. Unless the sensitivity to specification is addressed, the policy-relevance of estimates will be called into question.
Therefore, it is useful to examine the consistency among heteroscedastic frontier models that have different distributional assumptions. In the present study, we combine the above mentioned four types of distributional assumptions with homoscedastic and doubly heteroscedastic stochastic production-frontier models, utilizing a sample of 1,221 Japanese water utilities, pooled for two years. Here, the dispersion in the size distribution of utilities suggests that the homogeneity assumption is violated. Thus, we also introduce a doubly heteroscedastic variable mean model, and examine the sensitivity of nested models to a more comprehensive heteroscedasticity correction for the one-sided error component.
Our estimated results suggest three possibilities regarding the sensitivity of efficiency ranking is sensitive to distributional assumptions. When we apply the four types of distributional assumptions to a homoscedastic stochastic frontier model, an efficiency ranking will be clearly consistent. When they apply them to a doubly heteroscedastic stochastic frontier model, analysts will be able to make an efficiency ranking consistent whenever they can find proper and sufficient arguments for the variance functions. When a more general model, like a variable mean model, is estimated, the efficiency ranking is quite sensitive to heteroscedasticity correction schemes. In general, controlling for heteroscedasticity is very important for efficiency rankings; getting the correct specification of the heteroscedasticity form is just as important.
Therefore one must conduct sensitivity tests before making policy recommendations. If results are sensitive to the error specification, one must use a more flexible specification, such as nonparametric specification for the heteroscedasticity.
The remainder of the paper is organized as follows. In Section 2, we briefly describe our data and models, and present estimates of parameters, mean efficiencies and efficiency rankings of the homoscedastic translog production-frontier models with different distributional assumptions.
In Section 3, we show the corresponding results of doubly heteroscedastic frontier models with different distributional assumptions. We also examine estimates of three nested models which consists of a doubly heteroscedastic half-normal, truncated-normal and variable mean models when we increase significant arguments for the one-sided error component. The last section presents some implications of the study.
Homoscedastic Stochastic Production-Frontier Models

Data and Models
We use two-year pooled data which consists of 2,442 observations (1,221 utilities) in the As Greene (2008, p.181) suggests, consistency is also affected by the functional form adopted.
Thus, we use a translog production function rather than a restricted Cobb-Douglas function. , where
The two-sided error component for each utility i, v i , and the nonnegative one-sided error component, u i , are assumed to be distributed independently of each other and of the regressors.
The technical efficiency of each utility, e i , is measured by the mean of the conditional distribution of u i given the total error term, ε i .
The one-sided disturbance is assumed to be a truncated normal or Gamma distribution; assuming homoscedasticity results in a constant term of ζ ui = ζ u or θ i = θ 0 in (3) respectively, as well as ζ vi = ζ v in (2). A half normal model is a restricted form of a truncated normal model because μ i = 0 for all i, whereas an exponential model is a special case of a Gamma model when P = 1. In addition, a truncated normal model is a restricted form of a variable mean model in the sense that μ i = μ 0 for all i and then a half normal, truncated normal and variable mean models are nested. Table 3 confirms that efficiency estimates are also quite similar for the different error models, except for the half-normal model. In particular, the truncated normal and exponential models have almost the same efficiency distribution, which is the same result found by Greene (2008, p.182) . 4 In his earlier work, Greene (1990, p.158 ) also
Homoscedastic Stochastic Production-Frontier Models
suggests that a restricted model produces smaller values of estimated efficiencies than a more general model for most of the sample observations: a conclusion that is consistent with our results, shown in Table 3 . Table 4 shows that the lowest correlation coefficient is 0.9603 between the half normal and gamma models, supporting the consistency of estimated efficiency scores for the four error distribution specifications. None of the efficiency rankings are sensitive to distributional assumptions: the lowest ranking correlation coefficient is 0.999 (between the half normal and gamma models again). Therefore, we can conclude that both efficiency scores and their rankings are consistent among these four types of models. .2 .4 .6 .8 1
Eff(H) = Eff(T) Eff(H)
Figure 2 depicts the estimated efficiency distributions for the four homoscedastic models. While the half normal model has a peak at a lower efficiency level, the other three distributions share a long and thin tail on the left side of a relatively higher efficiency peak. Therefore, as was suggested by patterns in Figure 1 , the half normal model is apt to be able to distinguish more efficient utilities in some detail; the other models do not have this capability in this case. 
Doubly Heteroscedastic Stochastic Frontier Models
Doubly Heteroscedastic Stochastic Production-Frontier Models
A half normal doubly heteroscedastic model developed by Hadri (1999) and Hadri et al. (2003) allows heteroscedasticity for both error components. A homoscedastic assumption on each error component in the last section can be examined using the likelihood ratio (LR) tests. We can also apply not only half normal model but also other three models by assuming that the two-sided and one-sided error terms take the following multiplicative heteroscedasticity form: Now we can examine four types of heteroscedastic stochastic production-frontier models for their inefficiency error components: half normal (H), truncated normal (T), exponential (X) and gamma (G) distributions. To do so, we estimate a one-sided heteroscedastic model (u), a two-sided heteroscedastic model (v) and a doubly heteroscedastic model (uv) for each type of distributional assumptions. For all types of the models, the likelihood ratio (LR) tests strongly reject the restriction of homoscedasticity for the one-sided and two-sided error components.
Thus, we focus on a doubly heteroscedastic model, which is statistically more appropriate than the other three models (including the homoscedastic model introduced in the previous section). Z . Huv, Tuv, Xuv and Guv denote doubly heteroscedastic models (uv) with half-normal (H), truncated normal (T), exponential (X) and gamma (G) distributions, respectively. The agreement between Huv and Tuv is striking, whereas FGLS estimates seem closer to them than Guv. Since the LR tests strongly reject the restriction of the half normal and exponential models, we can say that the estimates of the frontier parameters are (at most) only roughly similar. Table 2 , the two unrestricted models indicate lower mean efficiencies among the sample of Japanese water utilities. Thus, as Table 7 shows, we have the lowest correlation coefficient of 0.899 between the doubly heteroscedastic exponential (Xuv) and gamma (Guv) models. We conclude that the estimated efficiency scores are moderately consistent, although the correlation coefficient between unrestricted models is fairly high: 0.963. In the context of efficiency rankings, the highest correlation is 0.990 between Huv and Xuv, and the lowest correlation is 0.917 between Tuv and Xuv. Thus we can still maintain a conclusion from the above homoscedastic models; efficiency rankings are consistent among these four types of models.
A slight decrease in these correlation coefficients indicates that correcting heteroscedasticity is (to some extent) sensitive to the distributional assumptions. For example, Figure 3 suggests that the estimated efficiency distribution from the doubly heteroscedastic half normal (Huv) model is now concave rather than convex to that from the doubly heteroscedastic truncated normal (Tuv) model. Interestingly, another restricted Xuv model also takes a similar concave form to another unrestricted Guv model. These results explain why the correlation coefficients between a restricted model and an unrestricted model are relatively lower. Comparing Figure 4 with Figure 2 , we can observe that estimated efficiency distributions from both unrestricted models move to the left and become flatter. On the other hand, the efficiency distribution for the half normal model moves to the right and becomes more peaked. Thus, the unrestricted model is now apt to be able to distinguish more efficient utilities in a more precise way, and the restricted models share the opposite pattern. 
A Doubly Heteroscedastic Variable Mean Model and the Nested Models
We further examine the above sensitivity to heteroscedasticity corrections by introducing a doubly heteroscedastic variable mean model. Whereas the half normal and truncated normal models assume μ i = 0 and μ i = μ 0 in (3) respectively, our truncated normal variable mean model has a more flexible functional form:
where u i Z is the above defied efficiency-related environmental variables in (6), and η captures the corresponding unknown parameters. Thus, these three models are nested.
We also can examine a doubly heteroscedastic Variable Mean (Muv) model by combining (5), (6) and (7): then three models (Huv, Tuv and Muv) are also nested. That is, the models use the same kinds of assumptions, but the extent of the restrictions is different: the Half-normal model is a special case of the Truncated-normal model, and the Truncated-normal model is a special case of the Variable Mean model. In addition, in order for a more comprehensive heteroscedastic correction, we also introduce more arguments, Then we can estimate the half normal, truncated normal and variable mean doubly heteroscedastic models when the number of arguments for the one-sided error component increases for a more comprehensive heteroscedastic correction. Z , which can be compared with heteroscedastic models in Table 5 . We cannot compare these models with exponential or gamma models because the assumptions are fundamentally different.
Again, the agreement between Hsuv and Tsuv is striking; the frontier parameters are almost identical. On the other hand, estimated parameters from Msuv are not close to those estimated by the other models. Note that the estimated parameters from Muv are not close to those of Huv and Tuv in Table 5 . Thus, it appears that these differences are mainly caused from the heteroscedastic mean assumption rather than the number of arguments utilized for the one-sided variance function.
In sum, however, we conclude that the estimates of the frontier parameters are not as consistent when we include a more appropriate variable mean statistical model. On the other hand, we can say that an increase in the one-sided error arguments produces more consistent estimates of the frontier parameters. Table 9 shows that the sample mean efficiencies become much closer by the stronger heteroscedastic correction. However, when we include a variable mean model, the lowest correlation coefficient is 0.799 and the lowest rank correlation coefficient is 0.838: between Hsuv and Msuv. Note that these relatively low correlation coefficients are not caused from the heteroscedastic mean assumption itself because estimated efficiencies from Muv are highly correlated with those of Huv, as shown in Table 10 . The differences are due to the fact that estimated efficiencies from the Variable Mean model are quite sensitive to a stronger heteroscedasticity correction, which is statistically favored among our nested models. Therefore, we can conclude that the estimated efficiency scores and their rankings are only moderately consistent. 
Implications
We estimate homoscedastic and doubly heteroscedastic stochastic production-frontier models of the Japanese water industry under four distributional assumptions: half-normal, truncated normal, exponential and gamma distributions. The results for the homoscedastic frontier models support that the view that both efficiency scores and their rankings are consistent among these four types of models; this result is similar that obtained by Greene (2008, p.183) .
The four types of doubly heteroscedastic frontier models produce modest improvements: efficiency rankings are still consistent but the efficiency scores themselves are somewhat consistent. These results are in line with conclusions by Kumbhakar and Lovell (2000, p.90) , although their observations are based on only a homoscedastic frontier model. We can explain a slight decrease in these correlation coefficients by the different sensitivity of different distributional assumptions used to correct for heteroscedasticity. In particular, unrestricted models produce lower efficiencies than restricted models, and the shifted distributions result in relatively low correlations.
We further examine this sensitivity problem by introducing a doubly heteroscedastic Variable
Mean model, increasing the number of statistically significant arguments for the one-sided error component. The half normal, truncated normal and variable mean doubly heteroscedastic models are nested. The likelihood ratio tests reject the restriction of the zero mean and homoscedastic mean. The stronger correction for heteroscedasticity brings greater consistency of estimates for parameters, efficiencies and their rankings between half normal and truncated normal models, whereas it reduces their correlation coefficients with the doubly heteroscedastic variable mean model.
These empirical results suggest three possibilities regarding the sensitivity of efficiency ranking to distributional assumptions. When we apply the four types of distributional assumptions to a homoscedastic stochastic frontier model, an efficiency ranking will be clearly consistent. When we apply them to a doubly heteroscedastic stochastic frontier model, we were able to make an efficiency ranking consistent whenever we can find proper and sufficient arguments for the variance functions. When a more general model, like a variable mean model, is statistically supported, the efficiency ranking is quite sensitive to heteroscedasticity correction schemes.
From the policy-standpoint, the results underscore the point that individual efficiency scores are not necessarily robust with respect to different error specifications, let alone different specifications of the model itself, treatment of outliers, or other elements that can influence the coefficients that determine "expected output" relative to actual output-for given inputs and exogenous conditions. Rather, this analysis of Japanese water utilities reminds us that the decision-relevance of technical benchmarking studies depends on sensible use of the scores (Berg, 2010, p. 115) . A regulator setting price caps would have to establish catch-up times for utilities which seem to be lagging in performance-that decision requires judgment and awareness that groupings of firms makes better sense than using individual scores. Similarly, a government ministry determining whether support subsidies are being wasted or used wisely by utilities would want to group firms (say, in quartiles or deciles) so that incentives could be applied in a manner that can be supported by performance patterns (and not individual scores).
These observations are not meant to detract from efforts to refine and improve benchmarkingjust to remind analysts that humility is called for when so many factors remain beyond managerial control (and outside analytical models). have zero value of P. Thus we adopt a standard practice, and calculate the log values of O and P by adding one to these original values. 3 We used LIMDEP (NLOGIT v.4.3) to estimate all of stochastic production-frontier models in this paper. 4 The results are also similar in that a truncated normal model results in a large variance for the inefficiency error component.
